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In the present paper we study using the Maxwell-Bloch equations the interaction between a phase conjugated mirror with a 
thin film of two-level atoms, which in turn are driven by an external coherent field. We find several bifurcation phenomena in the 
coherent dynamics as well as in the steady-state regime of this system. In particular we find that when the system is in its steady- 
state regime due to incoherent relaxation, the population inversion of the thin-film atoms may remain constant or even decrease 
as the external field intensity increases. 

1. Introduction 

There is a growing interest in the study of  thin films of  two-level atoms since it is a model that may reproduce 
many collective phenomena  in quantum optics such as superradiance [ 1,2 ] or optical bistability [ 3 ] without 
invoking the spatial mean-field approximation.  For this model several papers were published in the context 
of  coherent phenomena  and open dissipative systems. Nonlinear surface waves [4] ,  nonlinear reflection o f  
ultrashort light pulses [ 5 ] among other effects belong to those coherent phenomena described within the frame- 
work of  the thin-film model. It is worth to point out that the thin-film model has a direct analogy with the 
semi-classical Dicke model. In the former model the electromagnetic field acting as a feedback arises as a result 
o f  the surface current in the boundary  conditions, while in the latter model the feedback is caused by the re- 
action field [6 ]. In its simplest versions dipole-dipole interactions are not considered in both models. On the 
other hand, effects such as optical bistability and self-pulsations may be described within the thin-film model 
[ 7-10 ]. In this paper a basic new ingredient we add in the context of  the thin-layer models is that we are as- 
suming that a phase conjugated mirror  (PCM)  is placed in front o f  a thin layer o f  two-level atoms, which in 
turn is driven by an external coherent field. We assume that the transition frequency of  the atoms of  the layer 
is at exact resonance with the frequencies o f  the external field and the PCM pump fields. Our  model has an 
exact solution and in that sense it is useful to obtain insight into the physics o f  related problems. 

Experimental and theoretical research in phase conjugation is a rich field in quantum optics [ 11 ]. Never- 
theless the study of  decay processes in quantum mechanical systems such as two-level atoms interacting with 
a PCM is a matter  o f  recent interest [ 12-18 ]. For  our work, refs. [ 12-18 ] are relevant in two aspects. Firstly, 
we assume that our system of  two-level atoms is such that the PCM induced decay may be neglected (see ap- 
pendix).  Secondly, we further study the coherent dynamics o f  our system on the basis o f  a method devised by 
Pando [ 17 ] to analyze the coherent interaction between a PCM and a point sample o f  two-level atoms. 

Another way to visualize our  system is the following. We are dealing with a "Fabry-Perot  resonator" where 
one o f  the mirrors is the PCM and the other one is the thin film of  two-level atoms. The spacer filling this 
resonator has negligible loses for the intracavity plane waves. The properties o f  this resonator may be changed 
not only through the PCM parameters but also by varying the external coherent field. From this perspective, 
to our knowledge, this is the first t ime that this system is studied in the literature [ 11 ]. 
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Related systems to ours are resonators consisting of  one or two PCM, filled with or without absorbing or 
dispersive media which may be pumped by an external field [ 11 ]. The model equations describing these sys- 
tems differ from ours, since we are dealing with the bad cavity limit (see eq. (10)) .  

In our system we study coherent phenomena as well as the stationary regime due to incoherent damping 
processes. The coherent phenomena are described using an analogy with the motion of an imaginary particle 
in a potential well [ 19 ]. On the other hand with regard to the stationary regime we analyze the case when the 
external coherent field is absent or present for two values of  the relative phase between the external field and 
the PCM intrinsic phase. To our knowledge most of  our results are new and they are discussed briefly in section 
5. 

2. General theory 

Let us consider a system consisting of two flat interfaces which are the boundaries of  a semi-infinite phase 
conjugated mirror, a dielectric spacer with dielectric constant ¢2 having thickness l and a semi-infinite dielectric 
substrate with dielectric constant ~t. A thin layer of two-level atoms with thickness ~ << 2, where 2 is the wave- 
length of the emitted light by the atoms in vacuum, is localized at the interface (z = 0) between the linear media 
with dielectric constants ~ (z < 0) and ~2 (0 < z < l), l >> 2. l has the order of  magnitude of the distance from 
the atomic dipole to its nearest radiation zone, so that retardation effects are negligible. A coherent applied 
field is incident perpendicularly upon the interfaces from medium 1 ( z <  0). The field is a plane wave polarized 
along the x-axis tuned at exact resonance with the atoms. Taking into account the presence of the thin polarizing 
layer of  two-level atoms, the boundary conditions at z = 0  are 

4n ~Px 
E,:(O*, t ) -Ex(O- ,  t ) = 0 ,  By(0 +, t ) -Hy(O- ,  t ) =  (1) 

c 0 t "  

Here Ex(z, t) and Hy(z, t) are the components of  the electromagnetic field [20]. Px is the surface polarization 
of  the atomic thin film. The boundary conditions at z=l  will be written below. The electric fields in both di- 
electric media and the polarization have the form: 

for 3 < 0  

E~l~(z, t) = ( l/x/~){Eo(z, t) exp[i(klz--tot) ] +Er(z, t) exp[ - i ( k l  z-t-tot) ] +c.c.},  

for 0 < z < l  

Et~2~(z, t) = ( 1/x/~){Ef(z, t) exp[i(k2z-tot)  ] + Eb(Z, t) exp[ - i (k2z+tot)  ] +c.c.} 

and 

Px = (1 /v /2 )  [P e x p ( - i t o t )  +c.c. ] ,  (2) 

where Eo(z, t), Er(z, t), El(Z, t), Eb(z, t) and P are the slowly varying envelopes of  the incident, reflected, 
forward, backward and polarization fields respectively, ki= tox/~,, i=  1, 2. 

At the interface z =  l, the phase conjugated mirror produces a reflected wave Epcu whose amplitude is defined 
as follows [ 11 ]: 

Epcr~ =Eb exp( -- ik2l) = lt(Efexp(ik21) )*,  (3) 

where g =  [/tl exp( i~) ,  I/tl stands for the PCM gain coefficient. ~u is the PCM intrinsic phase [ 11 ]. Here we 
consider that the PCM is produced by a four-wave mixing process. Throughout this paper we will consider that 
the frequency of  the incident and reflected photons from the PCM equals the frequency of  the PCM pump 
photons. From now on we will not write the spatial and temporal dependence of the field envelopes. 
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As a result of eq. (3), we 1 Lave now only two unknown fields, Er and El. We replace eqs. (2) and (3) into 
the boundary conditions ( 1 ) using the first Maxwell equation: 

rot E =  - ( 1/c) OH/Ot, 

where E =  (Ex, 0, 0) and H= (0, Hy, 0). The first Maxwell equation enables us to express Hy in terms of Ex. 
Neglecting derivatives of the smooth envelopes, we find at z=0 ,  the following equations: 

Er - E f  - #E}' = - Eo, 

k~ Er + k2(Ef - pE~) = k~ Eo 4 4rei(o)/c)ZP. (4) 

Notice that the fields Er and Ef are complex quantities. Using the complex conjugate equations corresponding 
to eqs. (4) one finds the tottl  field at z=0:  

E~ 1) = (1 /x /~)  ( E ( + ) + E ( - ) )  = (1 / x /~ ) (Eo+Er)  exp( - i co t )  +c.c. 

= ( 1/x/2A){ [kl +k2 + I/1 2(k2 - k l  ) ] [2kt Eo +4ni(o)/c)2P] 

+2k21t[2kiE~-4ni(og/c)'-P*]} e x p ( - i o ) t )  +c .c . ,  (5) 

where 

A=  (kl -t-]£2) 2 -  I# lZ(kz-kL 12 • 

The case that will be studied in this paper corresponds to k, = k2 = k. As a result the electric field at the atomic 
layer position reduces to 

Eo +E~ = (2hi /k)  (¢o/c) 2 ( e  - #P*)  + Eo + IzE~. (6) 

Eq. (6) must be coupled ~vith the Bloch equations. The thin atomic layer is modeled as an ensemble of two- 
level atoms where the local-t Leld correction is not considered. We assume that our atoms are so strongly coupled 
to a nonradiative bath, that we may neglect incoherent radiative damping processes. The idea here is to find 
a system in which one can aeglect the PCM induced decay. The latter may also be achieved by a sample of 
two-level atoms of finite di nensions where transverse and propagation effects may be neglected, and where 
atoms relax radiatively. In t ae appendix a discussion is given for our model that shows why the PCM induced 
decay may be neglected. In addition we consider dephasing mechanisms. 

The self-consistent Bloch equations are given by 

dD/dt= - ; ~ ( D +  1 ) + (ixE' +)c~*+c.c.),  dot/dt= - (?'.L +io))ot - ixE (+~D. (7) 

Here D is the population in version, ot is the atomic polarization, ?11 and ~,± are the longitudinal and the trans- 
verse relaxation rates respe :tively, which model the atomic relaxation. X is the atom-field coupling constant. 
The atomic transition frequ ;ncy is at exact resonance with that of the external field as well as with the frequency 
of the PCM pump fields. T]le slowly varying polarization P for homogeneously broadened atoms may be writ- 
ten as follows: 

P=dlznot exp (ioJt) . (8) 

Here d,z is the dipole mon Lent of  the transition and n is the surface density of  the two-level atoms. 
We write the external co aerent field at z=O and the atomic polarization as follows: 

Eo = IEol exp(irp), a =  ½ ' X + i Y )  exp(iq~) e x p ( - i r n t ) .  (9) 

After inserting eqs. (8) an :1 (9) into eq. (7) and setting q~ = ½ ~t we obtain 

d X / d t =  - F ±  X+ O~XD+ ', 2xD , d Y / d t =  - F ±  Y+ Oy YD-g2yD, 

260 



Volume 88, number 2,3 OPTICS COMMUNICATIONS 15 March 1992 

(lO) d D / d r =  --Fll (D+  1 ) - OxX 2-  Oy Y2-s'2xX+.Qy Y, 

where 

r=gt, g= (2rcz/k)(co/c)2d12n, 

O x = l - I / : l ,  O y = l +  I / : l ,  

f2x=t2oOx sin(q-½~u), f2y=t2oOy cos(q-½¢,) ,  Oo=(2Z/g)lEol. 

Fx and F H stand for ),±/g and 7Jg respectively, where y± and Yll are the transverse and longitudinal relaxation 
rates. 

Let us point out that when/1 = 0 eqs. (10) reduce to the equations describing optical bistability in Fabry- 
Perot resonators filled with two-level atoms in the bad cavity limit at exact resonance and in the mean-field 
approximation [21], (q=¢ /=0) .  

Eqs, (10), provided/t  = 0, also describe the field-atom dynamics of thin layers of two-level atoms when the 
local-field correction (LFC) is not taken into account [22,23 ]. When the LFC is considered, a nonlinear term 
coupling both polarization components appears [ 5,7-10,24 ]. When/"1 = FjI = 0 and f2x= f2r= 0, similar equa- 
tions were obtained for a point sample of  two-level atoms in front of a PCM with finite dimensions [ 16 ]. 

Here we point out that the photons that arrive at the PCM front port are those that are coherently emitted 
by the atoms of the layer or the external field. In other words photons emitted by the atomic layer are produced 
by induced transitions due to the electric field at the atomic layer position. The emitted photons have frequency 
co and therefore the PCM reflects photons at this frequency. Let us derive a general expression for the intensity 
of the reflected field. From eq. (6), it is easy to check using eqs. (8) and (9) that the reflected field Er is given 
by 

Er = (nid~2n/k) (co~c) 2 exp(½i¢/) (OxX+iOy Y) + I/~1 IEol ex p [ i ( -q +~u )  ] .  ( 11 ) 

From eq. ( 11 ) we obtain the intensity of the reflected field It: 

Ir = ( C/ 4ZC)ErE*r 

= (C/4n) [BO~X- I ttl IEol s i n ( q -  ½9') 12+ (c/4zt) [BO r Y -  I/tl IEol c o s ( q -  ½~u) ]2, (12) 

where 

B=(zcdt2n/k)(co/c) 2 . 

3. Coherent effects 

Now we will describe phenomena that takes place when the interaction with the bath may be neglected, i.e. 
F± = F~r = 0. As a result the Bloch vector conserves its magnitude, i.e. X2+ y2 +D 2 =  1. The coherent interaction 
may be analyzed using an analogy with the motion of an imaginary particle in a potential well according to 
ref. [ 19 ]. In this limit the polarization components in eqs. (10) may be written as follows: 

dX/d~=OxX+12x, dY/d(=OyY-12y. (13) 

Here ~=f~D(q)  dq. By solving eqs. (13) we find X(~) and Y(~) as functions of ~. The whole dynamics of 
eqs. (10) in this limit is contained in the dynamics of the motion of  the particle: 

½ (d~/dr)2+ [X2(~) + y2(~) ] = ½. (14) 

Eq. (14) has been obtained from X2+ Y2+D2= 1. D=d~/dr is the velocity of the particle. 
With these equations we may analyze and classify the motions that take place in the system. Properties of  
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these equations are studied in ref. [ 19]. In eq. (14) when the imaginary particle moves to the right (left), the 
Bloch vector (X, Y, D) is in the upper (lower) hemisphere since d~/dz=D. If the imaginary particle reaches 
the turning point changing its direction of motion from right (left) to left (right), the Bloch vector reaches 
the equator D=  0, passing from the upper (lower) to the lower (upper) hemisphere. In other words the system 
is being coherently deexcited (excited). Next we analyze two particular cases, where the external field is present 
or absent. 

3.1. Zero external driving field case 

Here (2x=~2y=0 in eqs. (13). We obtain 

X=p cos v exp(Ox~), Y=p sin v exp(Oy~), (15) 

where 

X ( O ) = p c o s v  , Y ( O ) = p s i n v  

and from eq. (14) we obtain 

½ (d~/dr) 2 + ½ [p 2 COS 2//exp (2Ox~) +p  2 sin 2 v exp (2Oy~) ] = ½ . ( 16 ) 

This case has been studied in refs. [ 16,17 ]. In ref. [ 17 ] it was shown that a point sample of two-level atoms 
interacting with a PCM, a model that was originally proposed by Cook and Milonni [ 16 ], may be studied using 
an analogy with an imaginary particle. From ref. [ 17 ], we recall some results for completeness. 

For I al < 1, the population inversion reaches the ground state as z~oo. The time when the atomic system 
decays faster occurs when the Bloch vector reaches the equator, D = 0  [ 19]. Correspondingly the particle must 
reach the turning point ~* in eq. (16 ). Therefore for an initially excited system D ( 0 ) >  0 nearly inverted, the 
delay time z* defined as the time when the atomic system decays faster, is given by 

d~/x/ l  - V(~).  (17) 
0 

Here V(~) is the expression in square brackets in eq. (16) (the potential well). Analogously for [#[ = 1, the 
atomic system approaches the asymptotic value X =X (0 ) ,  Y=0 and D =  -~ /1  - X 2 ( 0 ) .  For [#1 > 1, for any 
0, n/2, n and 3n/2, the motion is periodical ( p#0 ) .  

From eq. (12) we get the reflected intensity for this case: 

lr = ( c / 4 7 t ) B 2 p  2 [ 0  2 COS2V exp (2Ox~) + ~ sin2v exp(2Or~) ] . (18) 

For l al < 1, the reflected light is a pulse such that Ir-~0 as z ~oo. For I/t[ > 1 however the reflected intensity 
is periodically emitted since ~ varies periodically. Notice that for the case [ # [ < l, the maximum value of/~ 
is reached at ~* since during the evolution of the system - oo < ~< ~*. As opposed to pure superradiance where 
[#l = 0, here the delay time z* depends on the initial azimuthal angle on the Bloch sphere and on the PCM 
gain coefficient [/~]. 

3.2. Nonzero external driving field case 

Now let us consider the case when the atomic layer is coherently driven by an external field at exact res- 
onance. The initial conditions are such that D ( 0 ) =  - 1 ,  X ( 0 ) = 0  and Y(0)=0 .  

Here the polarization components are given by 

X=-£2o  sin(~0-½V) [ 1 - e x p ( O x ~ ) ] ,  Y=g2o cos((o-½~,) [1 -exp(Oy~) ]  . (19) 
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And from eq. (14) we obtain 

½ (d~/dz)2+ ½t2o2 {sin2(c - ½9") [ 1 -exp(Ox~)  ]2 +cos2 (c_  ½9") [ 1 -exp(Oy~) ]2} = ½. (20) 

Now let us analyze the dynamics for different values o f #  and 12o. 
In the case when I # I < 1 and when/2o < 1 the particle performs an infinite motion ~ - ~ as r--, Go and ap- 

proaches an asymptotic Bloch vector: 

X = - f 2 o  s in(c-½9") ,  Y=f2o cos(c-½9") ,  D = - x / 1 - f 2 2  . 

When g2o= 1 the Bloch vector asymptotically approaches X=0,  Y-- 1 and D = 0 . / 2 0 =  l is a bifurcation value 
since for I2o> 1 all the motions in eq. (20) become librational and therefore the Bloch vector describes pe- 
riodical motions [ 19 ]. 

When I/.tl = 1, one has X = 0  for all values of  If2o cos(c-~9") l  ~ 1, the Bloch vector asymptotically ap- 
proaches X=0,  Y=I2o c o s ( p -  ½9") and D =  - x / l  - f22 cos2(c - ½9"). Notice that the population inversion de- 
pends on the PCM phase 9" relative to that of the external driving field ~. For I/2o c o s ( p -  ½9") I > 1 all the mo- 
tions are librational in eq. (20) and the atomic system becomes fully excited and deexcited periodically. 

Finally when I lzl > 1 with the exception of ~0-½9"=0, ½rt, n and 3rt, all the motions are librational in eq. 
(20). For 9 -½ 9"= ½ n, 3n, provided f2o < l, the atomic system asymptotically approaches X= -f2o, Y= 0 and 

D =  + ~ .  Notice that here the population inversion approaches an state in the upper Bloch hemisphere. 
While for 9-½9"=0,  zr provided g2o< 1 the asymptotic steady state is X=0,  Y=g2 o and D = - ~ .  For 
f2o > 1 all the motions on the Bloch sphere are periodical [ 19 ]. 

Let us write an expression for the intensity of the reflected field Ir. Using eqs. (12) and (19) we obtain 

Ir =Io sin2(c - ½9') {Ox[l - exp(Ox~) ] + I gl }2 +Io COS2(C - ½9") {Oy[ 1 -exp(Oy~) ] - I#1 }2, (21) 

where Io = (c/4n)EoE~. Notice that in the ground or in the fully excited state ~=0, and the reflected field will 
be given by/~=Io I#12. We point out that Ir depends in general on the relative phase between C and ½9" not 
only through ~, as it may be seen in eq. (21 ). When the atomic system reaches coherently the steady state i.e. 
~-- .-co for I/tl < 1,/2o< 1, the reflected electric field E l=  - E o  (perfect reflection), it means that at the thin 
layer position the total electric field E t+) = 0, as a result of what, in this case, dD/dz=  do t /d r=  0, as one may 
see from eq. (7). 

4. Steady-state phenomena (inclusion of incoherent damping) 

In this section we study those collective effects at steady state that take place in our system when incoherent 
damping must be considered. In our model we assume that the PCM induced decay is irrelevant (see ap- 
pendix). In what follows we will see that eqs. (10) show different qualitative behaviours in our system for 
I g I > 1 + F± and I/t [ < 1 + / ' 1 .  Our scheme of analysis in every case that we study is the following. First, we 
find the possible steady-state solutions, obtaining an equation of state. Secondly, we analyze the stability of 
these solutions discussing the evolution through the stable steady states under an adiabatic change of the ex- 
ternal driving field or the PCM coefficient #. 

The stability or instability of  the solutions may be established by studying the behaviour of the small per- 
turbations of the system from the stationary state [25]. The following set oflinearized equations for the small 
perturbations SX, 8Y and fD are obtained in general form from eqs. (10): 

d8X/dv= (--F_L +OxD) fiX+ (OxX+Q~) riD, 

drY~dr= ( - F I  +OyD) fY+ (O r Y-g2y) 6 0 ,  

dfD/dz= --Fir fD+ (--20xX--Qx) fX+ ( -  2Oy Y+12y) fY .  (22) 
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According to the general prt: zedure in linear stability analysis, one must  look for solutions of  the type 

(~X, 5Y, 8D) = (SXo, 8Yo, 5i 'o) e x p ( 2 t ) .  

The system of  eqs. (22) has nontrivial  solutions provided 2 is an eigenvalue of  the matrix A defined as 

A= - r ~  + 9,D OyY-I2,~.  
\ - 20~X- I2~  -20y~  ~-£2y -F~ / 

In other words 2 must  sat isf ,  the characteristic equation 

det (A - 2E) = 0 ,  

where E is the unity matrix. 
values 2. The stat ionary solt 

(23)  

The particular characteristic equat ion in every analyzed case gives us the eigen- 
tions are stable if  and only if the eigenvalues 2 have a negative real part  [25 ]. 

4, I. Zero external driving fi~ Id case 

Let us consider the case w 
the system approaches alwa) 
steady state is the  ground sta 
takes place in the system. I~ 
damping.  This point  will be 

As soon as I~zl > I + F ± ,  t 

X= + \ / - r ~ ( r ±  + O x ) / I O ~  

As I/~l ~ ,  D steadily incre 
ative according to the initia 
easy to prove it by noticing 

X = X ( 0 )  l im exp ( - F ±  3+ 
k 

The X value in eq. (24)  has 
Now let us prove the stabilil 
is stable. While for I ttl 1> 1- 

( - r ±  + OyD-).) [2(Fll +)t', 

The foUowing eigenvalues 

2 o = F ±  ( -  1 +Oy/Ox) < 0 ,  

Re(Z+_ ) <0 ,  since Ox= 1 - I 
here 2 + = 0. Notice that  in  tl 
a node in the X-D plane fo 
get an expression for the re 

len there is no external field driving our system, i.e. Qo=f2x=12y=0.  In this limit 
s a steady state due to the incoherent  damping processes. For 0 < I/~ I < 1 + F+ the 
:e o f  the system, i.e. X =  Y = 0  and D =  - 1. For I/~1 = 1 + F . ,  critical slowing down 
L other words the system approaches the ground state with an "infini tely" slow 
checked below. 
le populat ion inversion increases and the Bloch vector  components  are given by 

, Y = 0 ,  D=F./Ox.  (24)  

tses f rom - 1 to 0 while X approaches zero. The componen t  X is positive or neg- 
value of  X(0 ) .  X keeps the same sign of  X(0 )  at any t ime of  the evolution. It is 
that eq. (10)  for X in this case may  be written as follows: 

T 

0 

been obtained by solving eq. (10)  for D at steady state with D=F~_/Ox and Y=0.  
y conditions. For i/~ I < 1 + F±,  by inspection one may  check that  the ground state 
.F± we get f rom the general characteristic equation (23):  

+ 2 0 ~ X  21 = 0 .  (25)  

re obtained: 

2+_ = - ½F a + ½x/F~ + 8Fit (F± + O x ) .  (26)  

I < - F± for this case. Critical slowing down takes place when I ~t I = 1 + F± since 
is case as I/t I is increased the a tomic system approaches the steady state describing 
• 1 +Fx  < I/zl <~ 1 + F  j_ + ~FIL and a focus for I~1> 1 + F ±  + ~Ftl. F rom eq. (12)  we 
lected intensity when I~1 > 1 + F ±  (when I~1 < 1 + F ± ,  L = 0 ) :  

I~ = (c/4n)FliB2( l U[ - 1 - 1  '± ) .  (27)  

In other words the reflectec intensity is linearly proport ional  to the PCM gain coefficient [/t I, as opposed to 
the case when an external c )herent field impinges upon the PCM where the reflected intensity is proport ional  
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tO Igl 2. Notice that in eq. (24) the X polarization component is different from zero, contrary to the case of 
a single two-level atom in front of  a PCM; where the dipole expectation value is zero [ 14,15 ]. 

Next we will study the effects induced by an external coherent field on the dynamics of  our atomic thin film 
in the presence of a PCM. We will concentrate on two particular cases that show new effects. These particular 
cases are ~o- lg t=0  and ~o -~u=n /2 .  

4.2. Zero phase case 

Let us consider the zero phase case ~0-½¢t=0 i.e. t2x=0 for different values of I/tl. 
(A) When I#1 < 1 + F ±  from eq. (10) the following steady-state solutions for the polarization components 

are obtained: 

S = 0 ,  Y = K 2 y D / ( - F ,  + O y D ) .  (28) 

The equation of state is obtained after inserting eq. (28) into eq. (10) for the population inversion when 
dD/dT= 0: 

g22 = d( d -  m )z / ( 1 - d) . (29) 

Here 

a2=r ag/r,,, m = l + F , / O y ,  d = l + D  ( 0 < d < l ) .  

For  definiteness we assume that g2~> 0. 
In what follows we will use the population inversion definitions D or d. In the plane ~ -  d, the critical points 

in the equation of state (29) are determined by 

OQ2 / Od=O . 

From eq. (29) we obtain: 

0t'22/Od= ( d - m )  ( 3 d - m -  2d2) / ( 1 - d )  2 . (30) 

Since 0 < I g I < 1 + F .  one has 

1< ( 2 + 2 F , ) / ( 2 + F ± ) < m <  I + F .  

and therefore 0122/0d=0 at 

d± = ] ( 1  + x / l - ~ m )  • (31) 

Assuming that F j_ << 1, d_+ may be approximated by 

d+ ~ l - F ~ / O y ,  d_ ~ ½ + F , / O y .  (32) 

Otherwise, if  9 - 8 m  < 0 there are no critical points at all and the system may be excited continuously as 12 z 
is increased. N o w  let us f ind the stability condit ion for the equation o f  state (29) .  

The characteristic equation (23) in this case takes the form 

( - F ±  + O x D - 2 )  [22+ (F  u +F± - O y D ) 2 + P / ( F ,  - O ~ D )  2 ] = 0 ,  (33) 

where 

P = F  n ( F .  3 2 z - O y D )  +12oOyF. (F± + O x D ) .  

Therefore the eigenvalue 

20= - F ±  + O x D < 0 .  
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Since - 1 < D < 0  and I~[ > 1 + F x .  On the other hand the real part of the two remaining eigenvalues ;t may 
be analyzed as follows. Using the fight-hand side (RHS)  of the equation of state (29) instead o f ~ o  in the 
expression for P, we get 

p= Fit(d-m) 2 2d2 + m -  3d 
03 1 - d  (34) 

.V 

Comparing eqs. (30) and (34) we find that 0122/0d> 0 ( < 0 )  when P > 0  ( < 0 )  since m >  1. From algebra we 
know that the second factor in eq. (33), which is a quadratic equation in 2, has two roots 2+ and 2 with 
negative real parts if and only if 2 + + 2 _ < 0 and 2 +2 _ > 0. 2 + + 2 _ = - (F± + F i i -  Off)) < 0 and 2 +;t _ = 
P(F± -009)-2.  As a result of  the last equality the stability condition in this case states that Ot22/Od> 0 must 
take place. 

(B) For I/~ I >/1 + F±, to our knowledge a new kind ofbistability occurs here. When the external field is larger 
than a critical value I2 > t2c the equation of state is that given by eq. (29) with the difference that I/~1 >t 1 + F±. 
While for I2< g2c the atomic system follows another stable-state equation, where the population inversion re- 
mains constant. As g2 is increased from a zero value the system passes from the latter to the former state by 
showing instabilities. Let us prove this behaviour. 

When 12<I2c (12~ will be determined below) the steady state of  the system is given by 

X= + _ ~  x/l+r±lOx+t?2OxO~lF±(Oy-O~) 2, Y=~2ol(1-OxlOy), o=r±lOx. (35) 

Eq. (35 ) was similarly obtained as eq. (24). As expected eqs. (24) and (35 ) coincide when there is no external 
field, i.e. 12= 0. Notice that as ~2 increases, the population inversion D remains constant, Y increases while the 
absolute value of X decreases continuously. Again, as in the previous case X at steady state has the sign of X(0) .  
Once t2=t2~, the polarization component X = 0  where 

O~=dAdc-m)2 / ( l -dc ) ,  do=l+F±/O~ 

and at this moment  the state described by eq. (35 ) is no longer stable as t2 >t t2~. Any further adiabatical increase 
of f2 makes the system to have an evolution through those states given by eqs. (28) and (29) with the only 
difference that this time 1#1 > 1 + F z .  Let us prove the stability of  states given by eq. (35). 

The characteristic equation (23) in this case takes the form 

a3+ (FH + ez  -t9yD)22 + tell(F± -OrD)+ 20~X2+ ( org-12y)(2OyY-~dr) ]2-20~X2( - e x  + O , D )  =0,  
(36) 

where the Bloch vector components are given by eq. (35). We must prove that the roots of  eq. (36) have 
negative real parts. It is well known in algebra [26] that in the case of a cubic equation 

ao~ 3 +al22 + a:; t+a3 = 0 .  (37) 

The Hurwitz theorem states that eq. (37) has zeros with negative real parts if the following conditions are 
fulfilled: 

T o = a o > 0 ,  T l = a l > 0 ,  T2=aia2-a3ao>O, T3=a3T2>O. (38) 

Comparing eqs. (36) and (37) one finds that To= 1 >0,  

T,=FH +F± -O,O>O 

and that 

a 3  = - -  20~X 2 ( - F± + O~,D) > O. 

Therefore if  we prove that T± > 0, this regime will be stable. Using eqs. (35), (36) and (38), we find an expres- 
sion for T2: 
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a20~G 
T2= - (o _ex)2r~ {2e~xr,- [r,e~+e~ (e~-e,)  ](e~+e~)} 

-2e~(e~+r~)+ r~r,(ex-Oy) [F~O~+r~(Ox-Oy)].  (39) 
e~ 

It is easy to check that when £2= 0, i.e. there is no external field, 1"2> 0. Since 7"2 is a decreasing function de- 
pending linearly on 02, its minimum value will occur at t2=12c in the interval 0<12<12c. We get 

T2 (I2=I2c) = - (2/Ox)rrir± ( 1 +r± ) (rll +r± - r ±  Oy/Ox) > 0.  (40) 

In this way we have shown that for all the possible $2 values in this regime, /'2 > 0. As it was already pointed 
out, at $2 = 12¢ we have X= 0 and therefore one of the roots in eq. (36) is zero and as a result the system becomes 
unstable. In other words, in the plane Yd2-d the regime given by eq. (35) is unstable, precisely at the point of 
intersection of  the line d=d¢= 1 +F±/Ox with the equation of  state (29) when 1/21 > 1 +F±.  For 12> K2¢ the 
state equation (29) now becomes stable since for d> do 2o = -1"1 + OxD becomes negative. As in the previous 
case 0122/0d> 0 must be fulfilled. 

As a result one has that if line d=  dc in the K22-d plane intersects equation of state (29) at d< d_, then there 
is a continuous transition between states described by eqs. (29) and (35). While if the intersection takes place 
in the region where 0212/0d< 0 in eq. (29), the system may jump only to the upper branch of eq. (29) (d> d+ ) 
to the corresponding value d. The system cannot jump to the lower branch (d<d_) for a given I2~ since there 
it is unstable: 2o > 0 for d< de. By comparing eq. (32) for d+ and d_ one has that always d+ >dc while dc may 
be larger or smaller than d_ according to the I/21 values. 

In conclusion, it has been shown that the whole discussion given for the case I/21 < 1 + F .  still holds when 
I/21 > 1 +F±  provided $2> I2¢ and therefore d> d~, since in the proof for the stability of the steady state given 
by eqs. (28) and (29), the conditions for Re (2 _+ )<  0 were independent of the 1/21 values. If one is interested 
in the intensity of the reflected field at I/2l > 1 + F±, one must use the polarization components X and Y given 
by eq. ( 3 5 ) i n  eq. ( 1 2 ) f o r  12<~2~ and eqs. ( 2 8 ) f o r  12>12¢. 

4.3. ½ n phase case 

Let us consider the in  phase case: ¢ -  ½¥= ½n i.e. ~2y=0 for different 1/21 values. From eq. (10) the following 
steady-state solutions are obtained for the polarization components (for all 1/21 values): 

X = - I 2 x D / ( - F ~ + O x D ) ,  Y=0.  (41) 

The state equation is given as in eq. (29) by 

t22 =d( d - m  )2 / (1 - d )  , (42) 

where the notations are the same as in eq. (29) with the exception that here 

m = l + F ± / O x .  (43) 

Here as in the previous case we may classify the behaviour of the system according to the I/21 values. For 
0 < I/21 < 1 + / ' 1  bistability may occur while for I/21 > 1 +FL the system may get excited or deexcited starting 
from the state given by eq. (24) as the intensity of the external field is increased. As the system deexcites it 
may become unstable for a certain value of the external field. 

Taking into account that K2>~ 0, another equivalent expression for X may be obtained by inserting equation 
of state (42) in eq. (41 ): 

X= ( d - m ) / I d - m l  ) ~ ~ (  I - d )  (44) 
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For d - rn=O one has that g2=0. In the limit as d approaches m from the right or f rom the left X is positive 
or negative respectively. With this remark it is easy to check that eq. (44) coincides with the corresponding 
values in eq. (24) for g2=0. When I/~[ < 1 + F ±  here d = 0  and X = 0  and when I/~l > 1 + F ± ,  one has d--,m. 

As in the previous subsection, condition 8922/0d= 0 determines the critical points. Notice that eqs. (30) and 
(31 ) are valid in the present case provided m is defined by eq. (43).  Regarding the stability conditions, from 
the general characteristic equation (23) we obtain for all I/~l values: 

( - F l  + O y D - 2 ) [ 2 2 +  (F± +Ft l -OxD)2+Q]  = 0 ,  (45) 

where 

Q= 20~X 2 + 30xg2xX+ 0 2 + Fll (F± - OxD) . 

Q may be rewritten using the equation o f  state (42).  We obtain 

Q=OxF. ( 2d2 + m -  3d) / ( 1 - d )  = 2F, Ox( d - d +  ) ( d - d _  ) / ( 1 - d )  , 

where d+ are given by formula (31).  In eq. (45) we observe that the root 

2 0 = - F l  + O y D < 0 .  

Therefore one must  concentrate on the second factor ofeq.  (45) enclosed in square brackets. This is a quadratic 
equation in 2 with roots 2 + and 2_.  Next we analyze the stability for the 0 < I #1 < 1 + F ±  and I/tl > 1 + F ±  
cases. 

When 0 < I/~ I < 1 + F±, we have that for a n y / 2  value roots 2 _+ are such that 

2+  + 2 _  = -  (Ftl +F± -OxD)<-Fll < 0 .  

This upper bound for 2 _ + 2 + has been obtained by setting I/11 = 1 + F± and D = - 1. Both roots 2 + have neg- 
ative real parts if in addition 2 + 2 _  > 0, i.e. Q >  0 is fulfilled. We will show next that that is the case. 

For 0 < I # I < 1 - 8F± (O~ > 0) f rom eq. (43)  one has that 1 + F± < m < 9. The critical values given by roots 
d+_ in eq. (31) are such that 0 < d _  < d +  < 1. As a result Q > 0  only for 0 < d < d _  and d+ < d <  1. In these in- 
tervals 8122/0d> 0 as it follows from eq. (30).  

For 1 - 8F± < I/tl < 1 (O~> 0)  one has that 9 < m < oo. This time both roots d± are complex conjugates and 
Q >  0 for any [2 value. Here all the stationary solutions are stable and the atomic system continuously gets ex- 
cited as I2 is increased. 

For 1 < [/t I < 1 + F± (Ox < 0), we have - oo < m < 0. Roots  d± are such that d_ < 0 and d+ > 3 and therefore 
the product  ( d - d + )  ( d - d _ )  < 0. As a result Q >  0 and all the stationary states are stable. For these I#[ values 
the system does not show bistability. 

When I/~ I > 1 + F± one has 0 < m < 1. Roots  2 ± must satisfy 

2+ + 2 _  = -  (F± + F , - O ~ D )  < 0 .  

This condition is fulfilled for d >  m* = 1 + (/'11 + F ±  )/O~. On the other hand roots d± are such that 0 < d_ < 1 
and d + >  1. As a result since Ox<0,  we have that Q > 0 ,  provided d>d_.  From eq. (30) one has that 0g2z/ 
8 d = 0  in the interval 0 < d <  1 at d = m  and at d=d_.  Here we need to point out that always m > m *  and that 
m* m a y b e  larger or smaller than d_ depending on the I/~l values, as it may be checked. In short, states given 
by eqs. (41) and (42) are stable provided d >  max(m*,  d_ )  when I#1 > 1 + F ~ .  

Now let usd iscuss  the evolution o f  our  system through the steady states as the external coherent field is 
adiabatically changed for I~1 > 1 + F j .  Let us suppose that at the beginning there is no external field, in which 
case the state o f  the system is described by eq. (24).  With a finite applied field (/2>_,0) the system may have 
two stable steady states with different energies, i.e. with different d values, according to the initial conditions. 
Assuming that the initial conditions are given by eq. (24)  such that X >  0 any further increase o f  the external 
field will draw the system through states that belong to the upper branch ( d >  m),  in this way the steady state 
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changes continuously since the characteristic equation gives Re (2) < 0 for all 2 at d =  m. For ~-~ oo the atomic 
system saturates: d ~  1 and X~0 .  I f  now we decide for a given state in the upper branch (d>  m) to decrease 
the external field, the inversion d diminishes until d =  m at Q =  0. If  now we assume that the initial state of  the 
system corresponds to X<  0 in eq. (24) any further increase of  the external field will draw the atomic system 
through states with d <  m, i.e. the inversion d diminishes (0Q2/0d< 0). To our knowledge this is a new effect 
not reported before in the context of optical bistability in the bad cavity limit for a system of two-level atoms 
[ 3 ]. Provided m* > d_, this behaviour will take place until f2= g2~* is reached at d=  m*. In this branch 2 + +2_  < 0 
for £2< ~* in m * <  d<  rn and 2 + + 2 _  >/0 for Q>_-£2* in d~< m*, while Q> 0 in the entire branch d_ < d<  m. As 
a result roots 2 + as (2~Q* must be complex conjugated and at d =  m*, Re(2 + )=0 .  At this point the system 
will jump to the only stable steady state possible lying in the upper branch and corresponding to Q = g~*, where 
the sign of X is positive and the reflected field Ir will be different, as we will see next. In the case when d_ > m* 
the above mentioned dynamics will take place between d_ < d<  m, since 2_ +2  + > 0 for d <  d_. 

Let us obtain the expression for the reflected intensity in this case. Using equation of state (42) with the 
general expression for the reflected-field intensity (12) one finds 

c ~l ~2d(d-m)2{,, l - d  )2. 
I t =  4---~r--~t~ 1- -~  ~ tL- - I~1 )  ~ - - lu l  (46) 

In particular, regarding the case ]gl > 1 +F± ,  one has that for a given value of £2 the reflected intensities in 
the upper branch and in the lower stable branch (d<  m) are in general different. It is easy to check that in the 
limit when f2-~0 eq. (46) coincides with eq. (27). 

5. Conclusions 

In the present paper we studied the interaction between a phase conjugated mirror and a layer of  two-level 
atoms with thickness much smaller than the emitted wavelength. We used the semi-classical, rotating-wave, 
dipole and slowly varying-amplitude approximations. The atomic layer is driven by an external field at exact 
resonance and the incoherent damping is supposed to be not affected by the PCM (see appendix). In this sys- 
tem we find new effects that are described below. 

In the coherent case by establishing an analogy between the dynamics of  our system and the motion of an 
imaginary particle in a potential well, we find out that in the absence of any external field and for different 
PCM gain coefficients the dynamics is similar to that of  a point ensemble of two-level atoms interacting with 
a PCM. The point model was originally proposed and studied by Cook and Milonni [ 16 ] and was further 
analyzed by Pando [ 17 ]. Here if a coherent pulse is emitted in our atomic system, which we assume is initially 
nearly inverted, the time when the reflected intensity maximum appears will depend not only on the initial 
depletion angle but also on the initial azimuthal angle and on the PCM gain coefficient, as opposed to the case 
of  pure superradiance. 

When the external driving field is present and the initial conditions are given by the ground state of  the 
system, one has that for I/11 < 1 and ~o < l, where ~2o is a normalized Rabi frequency, the Bloch vector ap- 
proaches asymptotically a steady state while for £2 o > 1 the motions on the Bloch sphere are periodical. For 
I/t] = 1 and when l(20 cos(~0-1V) I < 1, where ~0 is the phase of  the external electric field and ~ is the PCM 
intrinsic phase, the Bloch vector approaches a steady state. Here the population inversion will depend on the 
relative phase (0- ½V. For I~o cos(~0-½~') I > 1 all the motions on the Bloch sphere are periodical. 

For ]/if > 1 and for any ~o value the Bloch vector describes periodical motions with the exception on the 
relative phases ~o- ½ ~t= 0, ½ n, it, ~ it. In particular when ~o, ½ ~ =  ½ ~t the system approaches asymptotically a steady 
state with a population inversion in the upper Block hemisphere, i.e. the atomic system gets asymptotically 
inverted during the coherent interaction. 
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When the atomic layer reaches the steady state through incoherent damping, several bifurcation phenomena 
may arise in the atomic system by changing the external field or the PCM gain coefficient #. In all the analyzed 
cases a qualitative change in the behaviour of  the system takes place between I/z[ < 1 +F±  and I#l > 1 +F_L 
as the external field changes. Here F± is a renormalized transverse relaxation rate F± << 1. 

When there is no external driving field, we find that for I#1 < 1 +F±  the atomic system remains in its ground 
state, while for I #1 > 1 +F± ,  the atoms of  the layer become excited, but with a nonzero polarization as opposed 
to a single two-level atom in front of  a PCM, where the polarization expectation value is zero [ 14,15 ]. 

In the presence of an external driving field we study two cases according to ~-½~u= 0 or ½ n. The reason is 
that both show a different qualitative behaviour. 

For ~ -½~ ,=0  we found out that for I#1 < 1 + F ±  bistability may arise in the system as the Rabi frequency 
/2 is changed./2 is a renormalized value of/2o. For I#1 > 1 + F ±  a new effect takes place. As we increase/2 
starting from a zero value, the population inversion does not change, it remains constant in spite of  the fact 
that the polarization components change. It happens until a critical external field corresponding to 12c is reached. 
At this point the system becomes unstable and may pass continuously or discontinuously to a stable ready state 
described by an equation of state similar to that when ]/l I < 1 + F±. 

When ~ -  ½ ~u= ½ n and for t#1 < 1 + F±, as the external field is changed the system shows bistability provided 
I/11 < 1 - 8F±. On the other hand for 1 - 8F± < I/t I < 1 + F~ the system gets continuously excited as/2 increases. 
For I#l > 1 + F±, as the Rabi frequency/2 is increased beginning from a zero value, the population inversion 
in the atomic system may continuously increase or decrease according to its steady state a t / 2=0 ,  from which 
the atomic system starts its adiabatical evolution. I f  in the system its population inversion increases, it will get 
saturated as 12~ ~ .  But if in the system its population inversion decreases, when a certain critical external field 
is reached corresponding to [2", the system will jump to the only possible stable steady state for /2=/2* in the 
branch where the population inversion increases as the external field gets larger. 

In all the studied cases a proof for the stability of  the solutions has been given. In addition we found explicit 
expressions for the reflected field It. A justification of our model has been given in the appendix. 
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Appendix 

Here we like to discuss the manner in which the relaxation terms due to a nonradiative or radiative bath 
may appear in eq. (10). As for the radiative bath a discussion will be given at the end of the appendix. In 
section 2 we stated that the relaxation terms may be nonradiative in our model. When radiative relaxation is 
the only possible relaxation mechanism, one must start by looking at the relaxation of a two-level atom placed 
in front (in the radiation zone) of a PCM. Since the paper of  Agarwal [ 12 ], which for the first time considered 
this problem, some work has been done recently [ 13-15,18 ]. In papers [ 14,15 ], in particular, it was found 
that the damping rates for the polarization components are 

y_+ = ½Yo(1 +2PlPl  +2P1#12) ,  

where Yo is the spontaneous emission rate in vacuum, fl is the fraction of solid angle formed by the two-level 
atom and the boundary of the PCM. In our case/ /= ½, I # I is the PCM gain coefficient. I/z I is assumed not to 
change over the width of  the spectrum emitted by the atomic dipole [ 14,15 ]. On the other hand it has been 
found [ 14,15 ] that the population of the upper state n2 relaxes at a rate ),~, 
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y==yo(1 +2/~1~12), 

and its steady state is 

n2 =#1~12/(1 +2/~1 ~12) • 

Therefore for a point ensemble of  two-level atoms in front of  a PCM, in the simplest semi-classical description 
where dipole-dipole interactions are not taken into account, one must consider the macroscopic radiation-re- 
action field and the macroscopic PCM radiation field, acting on every two-level atom. Every two-level atom 
relaxes in the bath modified by the PCM. Keeping in mind the abovementioned results, here we are assuming 
that the two-level atoms are strongly coupled to a nonradiative bath that does not interact with the PCM. To 
this physical situation corresponds a system of impurity ions (atoms) localized inside a crystal or glass, where 
the bath is the phonon reservoir of  the crystal or glass. In our case the impurities are formed by the thin film 
of two-level atoms. Another possible system is that formed by a fixed vibrational mode of a large molecule 
consisting of many atoms, interacting weakly with the remaining molecular modes, which form the bath. 

In our model we are considering a situation where 711/70, 7-/70>> 1, I~12. These inequalities do not contradict 
~'~t, ± / g =  F±.II << 1, g being the cooperative relaxation rate. Therefore in the bath formed by the reservoir of  non- 
radiative excitations and by the vacuum-field reservoir modified by the PCM [ 14,15 ] these inequalities entail 
that the polarization components X and Y relax at the same rate F± and that the upper-level population relaxes 
according to 

dn2/  dt = - ~'z n2 + Y0fll/~12 - )'ll n2 

and therefore 

n2= lim #1~12 = 0 .  
y l l / r o ~  1 +2fllPl2+~,ii/Yo 

As a result in this environment an atom is in its ground state at equilibrium. Here one must understand the 
limit ~'ll/7o--.oo, in the sense of the abovementioned inequalities, which put an upper limit to the I/~1 values. 
We believe that this model justifies the fact that the emitted photons appear as a result of  induced transitions 
due to the coherent electric field at the atomic layer position. 

Another system that may be described by equations similar to eqs. (10) is the following. Firstly, let us recall 
that if the incident electric field may be described as a plane-wave interacting with a dipole, the incident ra- 
diation and the stimulated emission will have the same phase, direction of propagation and frequency [ 27 ]. 
Due to the interference between the dipole field and the incident field the flow of energy where both fields 
constructively superimpose will take place effectively within the angle 0: 

0= 2 ~ ,  

where z is the distance from the dipole position [ 27 ] and ,l is the emitted wavelength. For z >> ;t constructive 
superposition of both fields will basically occur only near the z-axis. On the other hand for mathematical sim- 
plicity in most problems in quantum optics it is assumed that the field is a plane wave, that is, the models do 
not take into account the finite transverse extent of  the field or the medium [27 ]. Our model falls within this 
approximation. A plane wave is better approximated by a gaussian beam, whose diffraction angle is given by 
0* =2/nWo [28 ], where Wo is the minimum effective radius of  the beam width (beam waist), which we assume 
is localized at the atomic sample position. I f  in the radiation zone (z >> 2) the PCM is centered at the z-axis 
of  propagation, where the PCM radius r> Wo + Oz= Wo + x/c-~ almost all the stimulated emission will reach the 
PCM front port. On the other hand all the external incident radiation reaches the PCM front port if its radius 
r ~  W o + X z / n W o .  Typical values at optical frequencies are ;t~ 10 -4 cm and Wo~ 10 - 2  c m .  Therefore for a dis- 
tance z =  1 cm from the thin atomic sample we obtain r ~  1 mm, that is a typical PCM radius [ 11 ]. Furthermore 
the solid angle p ~  n r 2 / 4 n z 2 ~  10 -2 << 1. Therefore the fraction of photons emitted by spontaneous radiation 
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into  the  sol id angle fl is negli[;ible and  the  P C M  basical ly  does  no t  inf luence  the  decay  rates,  unless  ve ry  high 

I~1 values  are cons idered .  In the  m i c r o w a v e  spectra l  reg ion  s imi la r  results  m a y  be  o b t a i n e d  us ing R y d b e r g  

a toms.  Here  typical  va lues  are  2 ~  1 m m  and  W o ~  1 cm [29] .  I f  the  P C M  is loca l ized  at z =  10 cm,  we ob t a in  

the  fo l lowing  es t imates :  P C M  radius  r,~ 1 cm and  f l ~  10 -2  << 1. H e r e  we po in t  out  tha t  phase  con juga t ion  has 

been  obse rved  recent ly  for  the  first  t i m e  in the  m i c r o w a v e  reg ion  in a l iqu id  suspens ion  o f  e longed  mic ro -  
par t ic les  v ia  fou r -wave  m i x i n g  processes  [ 30 ]. 
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