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A time-dependentgeneralizationoftheJaynes—CummingsHamiltonianis studiedusingthemaximumentropyformalism.The
approach,relatedto a semi-Liealgebra,allowsoneto find threedifferentsetsof physicallyrelevantoperatorswhichdescribethe
dynamicsof thesystemfor any temporaldependence.It is shownhow theinitial conditionsof theoperatorsaredeterminedvia
themaximum entropyprinciple densityoperator,where theinclusionof thetemperatureturns thedescriptionof theproblem
into athermodynamicalone.The generalizedtime-independentJaynes—CummingsHamiltonianis exactlysolvedasaparticular
example.

Recently[1], it was shownthat thedynamicsand scribea Hamiltoniansystemin termsof those,and
thermodynamicsof a two-levelsystemcoupledto a only those,quantumoperatorsrelevantto the prob-
classicalfield canbefully describedin the frame of lern at hand.Thus,this formalismissuitabletostudy
the maximumentropy principle (MEP) formalism the Harniltonianhereconsidered.Since in our gen-
andgroup-theorybasedmethods[21. Whenthefield eralizationthe populationofeachlevel andnottheir
is quantizedandonlythedifferencebetweenthelevel differenceis considered,the resultingHamiltonian
populationsis ofinterest,thequantumtwo-levelsys- will be calleda generalizedtime-dependentJCH.
tern leads to the well known two-level Jaynes— The aimsof this Letterare: (a) to showthat the
CummingsHamiltonian(JCH) [31,which is oneof generalizedtime-dependentJCHis relatedto differ-
the mostusedmodelsin fields like quantumoptics, ent setsof physically relevantoperatorsdepending
NMR, quantumelectronics,andmatter—fieldinter- on the initial information of the system,(b) to give
actions (e.g. to studyperiodicspontaneouscollapse the evolutionequationsfor oneof thesesetsfor the
and revival). In the rotating wave approximation generalizedtime-dependentJCH, (c) toevaluatethe
(RWA), this Hamiltonianbecomessolvableandit initial conditions through the maximum entropy
hasbeenbroadlyused in the last years [4—9]. densityoperator,which includesthe temperature,

The knowledgeof the mean valuesof the field resulting in a thermodynamicaltreatmentof the
populations,correlationfunctionsandnth-orderco- problem at hand,and (d) to obtain the exactdy-
herencefunctionsare of main interestin the usual namicalevolutionfor thegeneralizedtime-indepen-
applications.The MEP formalism allows us to de- dent JCH.

In orderto makeclearthefundamentalfeaturesof
On leavefromGrupodeSistemasDinámicos,Universidadde ourapproachwe beginby summarizingtheprincipal
BuenosAires — CentroRegionalNorte, C.C. 2, (1638) V. conceptsoftheMEP [10,11]. Giventheexpectation
Lopez,BuenosAires, Argentina. values (Of> of the operatorsOf, the statisticalop-

2 Permanentaddress:Grupode SistemasDinhmicos,Univer- erator~3( t) is definedby
sidaddeBuenosAires — CentroRegionalNorte,CC. 2, (1638)
V. LOpez,BuenosAires,Argentina. / L \
AlsoatUniversidadeEstadualdeCampinas,C.P.6165,13081 ~5(t)=exp( —2~!—~ t~O~,•1, (1)
Campinas,SãoPaulo,Brazil. j=i /
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whereL is a naturalnumberor infinity, andtheL + 1 (h= I ), where;‘ is thecouplingconstantbetweenthe
Lagrangemultipliers ,~ aredeterminedto fulfill the systemand theexternalfield, E1 andw aretheener-
set of constraints giesof the levelsand thefield, respectively,á~,a, are

<0 >=Tr[1’i(t)O] 1=0 ... L (2) bosonoperators,l~and l~arefermion operatorsandI ‘ ‘ ‘ ‘ T(t) is an arbitraryfunctionof time. In the problem

(00=! is the identity operator)and normalization consideredin this Letterit turnsout that therelevant
in order to maximizethe entropy,defined (in units operatorscan be presentedin three dtfferenr hut
of the Boltzmannconstant)by equivalentforms.eachof themhavingdifferentphys-

- - lea! interpretations.Thesesetsare connectedvia iso-
S(p)= —Tr[plnp] . (3) morphismswhich allow us to go from oneset to an-
Thetimeevolutionof thestatisticaloperatoris given other.The advantageof this multiple representation
by comesfrom thefactthatwhenpartialinformation in

d any set is known, for instancethe initial valuesonly~h~_e=[I?(t),~5(t)] . (4) for someoperatorsare known, it is possibleto corn-
dt pletethe missinginformation via the isomorphisms,

Oneshouldendeavorto find the relevantoperators if the complementarydatain anyotherset is known
enteringeq. (1) so as to guaranteenot only that S (i.e. mixed initial conditions[11]). Thus,first con-
is maximum,but also is a constantof motion. In- sideringthe level populationit can be found that
troducingthe naturallogarithmof eq. (1) into eq. somebasicrelevantoperatorssatisfyingeq. (5) are
(4) it can be easily verified that the relevant oper- obtained.Thesefundamentaloperators,appearing
atorsare those that closea semi-Lie algebraunder in the threepossiblesetsof relevantoperators,are
commutationwith the Hamiltonian,H, i.e.

(10)

[17(1),O~]=i~~g~(t)O1. (5) .~, =fi~,, (11)

(12)
Equation (5) definesan LxL matrix G and consti-
tutes the central requirementto be fulfilled by the 1= ~‘âfi1b~+ y*/2 l~a~, (13)
operatorsenteringin the densitymatrix. The Liou- t_i(~a~~.)*fififat) (14)
ville equation(4) canbe replacedby a setof coupled —

equationsfor the meanvaluesof the relevantoper- N21 =1~l~2fi1I~. (15)
atorsor the Lagrangemultipliers as follows [12], -. -

tv’1, 1= 1. 2, andA canbethoughtof as thepopulation
d<O~> — — V <0 > —0 1 L (6) numberof the levels and the external field, respec-

dt — g,j tively. I canbe consideredas the interactionenergy

d2 L betweenthe levels and the external field, t as the
= ~ A,g~1, j=0. I L (7) particle currentbetweenlevels and,finally, ‘~2I as

I ,=o the double occupationnumber. It is interestingto

In the MEP formalism, the meanvaluesof the op- mention that the operators(10), (11). (13), (14)
eratorsand the Lagrangemultipliers belongto dual canbeconsideredasthequantumcounterpartof the
spaceswhich are relatedby [II] operatorsobtained for the semiclassicaltwo-level

systemstudiedin ref. [1]. Oneof thesetswhichdo-
<0~>= — —~. (8) sesa semi-Liealgebrawith the Hamiltonian(seeeq.

(5)) reads
The generalizedtime-dependentJCH in the RWA ~ — ~ ~ a “ 16
takesthe form I ‘~ I

\T’~_I ~ ~‘ ~ 17
7=Ej1~16i+E26~1~2+wata . ~—~a ,

Jfl_I ‘t)nA( ~ 18
+T(t)(yabifi~+y*6~af) (9) —~a ~a,
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fn = (at)nf( a)~ (19) the field. Detailedcalculationsincluding the trans-

formationsbetweensetswill bepublishedelsewhere.
(20) From now onwards, and in order to studythe dy-

= (at)PhIc/21(a)’l, (21) namical andthermodynamicalfeaturesof this sys-
tem, we will dealwith the set definedby eqs. (16)—

n = 0, 1 This set canhavethe following physical (21).interpretation:We can considerthe operatorswith The dynamicalequationsfor the operators(16)—
n> 1 as a measureof virtual transitionsdue to the

(21) can be obtainedusingthe Ehrenfesttheorem
absorptionof morethanonephotonand then emis- (eq. (6)), andare given by
sion of theextraphotonsin a transitionbetweenthe
levels. This interpretationarisesfrom the fact that d(S~7>

=T(t)<P~>+nT(t)(E~>, (22)
the powersofá~and~ representsuccessivecreation dt
and annihilationof photonsin the field. For n = 0
eqs.(16)—(2l) reduceto thefundamentalset (eqs. d<!~> (23)

dt(l0)—( 15)). This set is suitablefor numericalsim-
ulationbecauseit providesthe simplestform of the d< P”>
systemof differential equationsfor theevolutionof dt = —a<I”> +2 IYI

2T(t) [(n+ 1) <N’>
their meanvalues.

Thewordsphysicallyrelevantoperatorshavea deep — <‘~~I.> + ~ > — (ii+ l)<N~,
1>]~ (24)

meaningin our context. It canbe shown that the -

RWA appliedat the beginningintroducesin a nat- =a(P”> , (25)dt
ural way the set of correlationfunctions.The com-
mutationbetweenthe Hamiltonianandparticlecur- _____ (26)
rent between levels (P) give, for instance, the dt
correlationoperatorbetweenthepopulationnumber
of the levels and the field (!~).If the sameproce- d<N~,1>=0, (27)

dt
dure wereapplied to the Hamiltonianwithout the
RWA theresultingalgebraof operatorswould notbe n=0, 1, ..., wherea=E2—E1—w. Equations(22)—
the same.Thisdifferencecomesfrom the fact that (27) are theexactdynamicalevolutionequationsof
the generatorof the algebra,the Hamiltonian,gen- the relevant operators for the generalizedtime-
eratesa set of operatorswhich are closely relatedto dependentJCH. They canbethoughtof asa kind of
thephysicsof theproblemandin this sensewe mean generalizedBloch equationsfor the quantumfield
that the set is physicallyrelevant, case.As canbe seen,the differentordercorrelations

It canbeshownthateq.(5) is alsofulfilled by the are connectedvia the operators!~ and P” (eqs.
sets (22), (24)). It can be easily provedthat

{~[O1(a~)“(a~+(a
t)“(aY~O

1]}~,,,0, { <(at)nJçT1 (a)”> + <(at) “N(a)”>

- \fl— I \)

and _<(atyl—iA(a) ~ (28)
{~[O1(a~a)”+(ata)nO11}~0.0 , {< (at) N21(a)”> }~‘=o , (29)

wherethe O1 arethefundamentaloperatorsgivenby areconstantsofthemotion. In particulartheparticle
eqs. (lO)—(15). The first set canbe interpretedas currentbetweenlevels is equal to the photonflux.
the correlationfunctionsbetweenthe fundamental For n =0 we reobtainthe conservationof the level
operatorsand (at)n(ay~,which are proportionalto populationandfor n>0 we obtain a restrictionfor
the nih-ordercoherencefunctionof thefield (seefor thecorrelations.Equation(28)showsthatthe mean
exampleref. [131). The operatorsincludedin the valueof the operatorswill not be independent,giv-
secondoneare proportionalto the correlationsbe- ing a restriction on the choice of the initial condi-
tweenthe fundamentaloperatorsandthe energyof tions.Therefore,it is crucial to usea formalism that
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allows a proper evaluationof these initial condi- areinvariant’s ofthemotion(thiscanbeshownusing
tions.In orderto do this we will usetheMEP density eq. (7)).

matrix given in eq. (1). In the MEPcontext,theini-
tial conditionscanbesettleddown in thedual space
of Lagrangemultipliers.TheseLagrangemultipliers X,=~/r ~‘i(flT(t)+ ~ A~llc~~1). (36)= 0

are numbersthat canbe freely chosen,contrariwise
the meanvaluescannot(seeeq. (28)). Theequiv- ic=~Jr y~~ )~H’~i

1’. (37)
alentrestrictionsfor theLagrangemultipliersareau-
tomaticallysettledwhenthe densityoperatoris dia-
gonalized,as we will seebelow. We note that in our = — /kt + >

= 0
formalism lack of knowledgeof the meanvalue of
one operatoris equivalent to setting its Lagrange — [A~— (n + I )).g]H~ii1’ , (38)
multiplier equalto zero.

In orderto derivea thermodynamicalapproachto and H~”~H7~,0(r—j), H,’ 1. We want to men-
theproblemathand,we will write thedensitymatrix tion that {X,. Y~.Z,( can be consideredas a gener-
including the Hamiltonian as a relevant operator. alizationof the vectormodel of the densitymatrix
Then, the statisticaloperatorcanbe written as shown in ref. [131. As in the caseconsideredin ref.

[I 3], onecomponentof the vectoris relatedto the

i3(t)=exp(_Ao!_flH_ ~ (A+~~ level populationswhile the othersare relatedto thereal and imaginaryparts of the non-diagonalele-
mentsof thedensityoperator(interactionenergyand

+A~F”+,~i~+A~N9+AgAn)) . (30) particlecurrent).In this sensewe canconsiderK2~
asthe norm of a vectorin P~,with components~
Y~,Zrj. So, this r-dependentspherecanbe thought

Diagonalizingand taking the traceofp5(t) we arrive of asanextensionin thedualspaceof Lagrangemul-
to thefollowingexpressionfor ~ in termsof theother tipliers of a sort of quantizedversion of the Bloch
Lagrangemultipliers, sphere.

Theinitial conditionscanbedeterminedusingeqs.
~ =ln(~exp(~Kir) x2 cosh(K2~) (8) and (31). Forexample,the initial meanvalue

of the populationof the level 1 andits correlations
+exp( —/3E1 —A?) with the field reads

+ ~exp(—K3,)+ ~exp(_K4,~)), (31) <~7>o=exp(—Ao)(exp(_flEi —A?)o~0

where

K~~=~fl[E2+E~+(2r—l)w] + ~ Uexp(—K1~)[cosh(K2)

+ ~ ~
—(Z~/K2r)sinh(K2r)fl+n=0

K2,=~X~+Y~+Z~, (33) (39)

5 is the Kronecker function. Thus, eq. (31) gives the
K3,,=flrw+ ~ A~Hr”. (34) exact thermodynamicalsolution for thegeneralized

~~=0

time-dependentJCH.
K4,._—J3(E2+E~+rw) Now, in orderto showhow theseideascanbe ap-

plied, we considerthe Hamiltonian(9) in thetime-
+ ~ H~[A~+A~+A~+(r—n)A~] (35) independentcase.Thus,the Hamiltonianreads

n=0
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Thus,up to a given time, therewill be only a finite
H= E~h~6~+E2 5~62+wata numberof correlationsthatwill contributesubstan-

+ya6~fi~+y~~62fi~at. (40) tially to the solution (41) sincethe otherswill be
negligible. Similar expressionscanbe obtainedfor

Forthis case,eqs. (22)—(27)canbeexplicitly solved, all the operators.
If one introducesthe quantizedgeneralizedRabi In orderto show how the MEP formalism works,
flipping frequency[131, we will alsoevaluatetheinitial conditionsfor a par-

£22 =a
2+(n+ 1 )e2~Q~+ne2 ticular case.Let us considerthe specialsituation,

broadlyusedin theliterature,of havingoneparticle
e2~4lyI2, 6~nk~”2n/~2k~ in level 1, zero particlesin level 2, an electromag-

the exactsolution for <i~>,is netic field with meannumberof photons<A°>~~
0 (i.e. A~(0)�0), anda=0 (i.e. resonance).Notice
that in resonance

+ (8<Ao>o e2<N
2 >o) C0(t)+ ~ S0(t) 6~k=~/(n+1 )/(k+ 1).

- 2Q~
From eqs.(8), (31) we obtain that

°° (<A”>0 a2<!~>\ <ic~>0=o,<F”>0=o, <1”>~=0,
+ 2Q~ )

<Jcr~1>0o,<zc’?>0=l,
n—i

X ~ bflk[Cfl(t)—8~Ck(t)] n!
k=o <!S~?>o=<A”~>0={exp[A~(0)]—l}”~

— n~i 2 k~O’ Thus,usingeq. (41) we obtain
C0 ( t)

+ ~ <P”>o”~bkEs(t)_~r1sk(t)] <~?>t=l+~{exp[Ao(0)]l
n=i ~2n k~~0

(41) = n! “~

+ ~ {exp[A~(0)]—l}”~ ~ a~(—
kO

where “ I

<Ak>0= I�2<J~k+i >0 +a<Ik>o x [c~(l) — (~~)fl Ck(t)]}. (43)

+ ~
2(k+ 1) <‘~‘~~>0,

After somealgebraeq. (43) canbe rewritten as
b 92n_2

n,k a~,k kn
~ _________ç(t)~cos(Qft) —1, ~(t) ~sin(~t), <~>~ ~ (1 + n~O (1 + <A>)”~’ cos(2~I~It))

(_l)n+k+i
— (n—k)!k!

Equation (44) is the populationnumberof level 1
A remarkablepropertyof eq. (41) is that the first whenthe initial stateof the field is a thermalor cha-
nonvanishingtermof the correlation<0? >~in this otic one.ObservethatA~canbeidentifiedwith /3”w,
solution is proportionalto ta”, ~ or t2”~’2, de- where/3”’ is proportionalto the inverseof thetern-
pending on the differentoperators0,. This canbe peratureassociatedonly to the field [14]. Notethat
seenif onemakesa Taylorexpansionof <O7 > uses /3*w is a positivenumberandA~mustbepositivein
eqs. (22)—(27) andthe factthat thean,,. satisfiesthe ordertohavea normalizabledensityfunction.Sowe
following set of linear equations, canseethat the evolutionequationof <ii’?>,, even

when the exampleconsideredis extremelysimple,n—i

~ a~.k(n—k)k=ô,,~...I,i=0, ..., n— 1 . (42) depends on the correlationsof all ordersbetween
k=O S°~andthefield. Thesecorrelationsarenon-zeroand
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