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A time-dependent generalization of the Jaynes-Cummings Hamiltonian is studied using the maximum entropy formalism. The
approach, related to a semi-Lie algebra, allows one to find three different sets of physically relevant operators which describe the
dynamics of the system for any temporal dependence. It is shown how the initial conditions of the operators are determined via
the maximum entropy principle density operator, where the inclusion of the temperature turns the description of the problem
into a thermodynamical one. The generalized time-independent Jaynes—Cummings Hamiltonian is exactly solved as a particular

example.

Recently [1], it was shown that the dynamics and
thermodynamics of a two-level system coupled to a
classical field can be fully described in the frame of
the maximum entropy principle (MEP) formalism
and group-theory based methods [2]. When the field
is quantized and only the difference between the level
populations is of interest, the quantum two-level sys-
tem leads to the well known two-level Jaynes—
Cummings Hamiltonian (JCH) [3], which is one of
the most used models in fields like quantum optics,
NMR, quantum electronics, and matter—field inter-
actions (e.g. to study periodic spontaneous collapse
and revival). In the rotating wave approximation
(RWA), this Hamiltonian becomes solvable and it
has been broadly used in the last years [4-9].

The knowledge of the mean values of the field
populations, correlation functions and nth-order co-
herence functions are of main interest in the usual
applications. The MEP formalism allows us to de-
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scribe a Hamiltonian system in terms of those, and
only those, quantum operators relevant to the prob-
lem at hand. Thus, this formalism is suitable to study
the Hamiltonian here considered. Since in our gen-
eralization the population of each level and not their
difference is considered, the resulting Hamiltonian
will be called a generalized time-dependent JCH.

The aims of this Letter are: (a) to show that the
generalized time-dependent JCH is related to differ-
ent sets of physically relevant operators depending
on the initial information of the system, (b) to give
the evolution equations for one of these sets for the
generalized time-dependent JCH, (c) to evaluate the
initial conditions through the maximum entropy
density operator, which includes the temperature,
resulting in a thermodynamical treatment of the
problem at hand, and (d) to obtain the exact dy-
namical evolution for the generalized time-indepen-
dent JCH.

In order to make clear the fundamental features of
our approach we begin by summarizing the principal
concepts of the MEP [10,11]. Given the expectation
values ( ;) of the operators 0, the statistical op-
erator p(t) is defined by

ﬁ(r)=exp(—zoi— 5 1,0‘,-), (1)
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where L is a natural number or infinity, and the L+ 1
Lagrange multipliers 4; are determined to fulfill the
set of constraints

(O =Tr[p()0;], j=0.1...L (2)

(Oo=1 is the identity operator) and normalization
in order to maximize the entropy, defined (in units
of the Boltzmann constant) by

S(p)=-Tr[plnp}. (3)

The time evolution of the statistical operator is given
by

LA
ih dI_[H(t),p(l)]. (4)

One should endeavor to find the relevant operators
entering eq. (1) so as to guarantee not only that S
is maximum, but also is a constant of motion. In-
troducing the natural logarithm of eq. (1) into eq.
(4) it can be easily verified that the relevant oper-
ators are those that close a semi-Lie algebra under
commutation with the Hamiltonian, H. i.e.

(A1), 01=ih 3 /(0. (5)

Equation (5) defines an L X L matrix G and consti-
tutes the central requirement to be fulfilled by the
operators entering in the density matrix. The Liou-
ville equation (4) can be replaced by a set of coupled
equations for the mean values of the relevant oper-
ators or the Lagrange multipliers as follows [12],

"v L -~
KO F g6, j=0.1..L.  (6)
dl i=0
i L
Yy S hge. j=0.1,. L. (7)
dt =0

In the MEP formalism, the mean values of the op-
erators and the Lagrange multipliers belong to dual
spaces which are related by [11]

34
EY

The generalized time-dependent JCH in the RWA
takes the form

ﬁ=E1 5151 +E25£52 +wde
+T(t)(yab, b +y*b,61a") (9)

0> = (8)
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(f=1), where ; is the coupling constant between the
system and the external field, E; and o are the ener-
gies of the levels and the field. respectively, d¥, 4. are
boson operators, 5} and 5, are fermion operators and
T(1) is an arbitrary function of time. In the problem
considered in this Letter it turns out that the relevant
operators can be presented in three different but
equivalent forms, each of them having different phys-
ical interpretations. These sets are connected via iso-
morphisms which allow us to go from one set to an-
other. The advantage of this multiple representation
comes from the fact that when partial information in
any set is known, for instance the initial values only
for some operators are known. it is possible to com-
plete the missing information via the isomorphisms,
if the complementary data in any other set is known
(1.e. mixed initial conditions [11]). Thus, first con-
sidering the level population it can be found that
some basic relevant operators satisfying eq. (5) arc
obtained. These fundamental operators, appearing
in the three possible sets of relevant operators, are

Ny =b1h, . (10)
N> =b1b, . (1)
A=ata, (12)
T=yab, b3 +y*b,b1at . (13)
F=i(yab, b3 —*b,btat) . (14)
Ny, =b36,616, . (15)

N, I=1.2, and 4 can be thought of as the population
number of the levels and the external field, respec-
tively.  can be considered as the interaction energy
between the levels and the external field, F as the
particle current between levels and, finally, N,, as
the double occupation number. It is interesting to
mention that the operators (10), (11), (13), (14)
can be considered as the quantum counterpart of the
operators obtained for the semiclassical two-level
system studied in ref. [ 1]. One of the sets which clo-
ses a semi-Lie algebra with the Hamiltonian (see eq.
(5)) reads

Nt =(a*)"N,(a)", (16)
Ni=(a")"N,(a)". (17)
A= (at)y"d(a)". (18)



Volume 178, number 3,4 PHYSICS LETTERS A 12 July 1993

I"=(ah)"I@a), (19) the field. Detailed calculations including the trans-

- " formations between sets will be published elsewhere.
n__ (At\n EAY /]

Fr=(ah)"Fay", (20) From now onwards, and in order to study the dy-

N3, =(a") "Ny, (d)", (21) namical and thermodynamical features of this sys-

n=0, 1, .... This set can have the following physical
interpretation: We can consider the operators with
n>1 as a measure of virtual transitions due to the
absorption of more than one photon and then emis-
sion of the extra photons in a transition between the
levels. This interpretation arises from the fact that
the powers of 47 and 4 represent successive creation
and annihilation of photons in the field. For n=0
eqgs. (16)-(21) reduce to the fundamental set (eqs.
(10)-(15)). This set is suitable for numerical sim-
ulation because it provides the simplest form of the
system of differential equations for the evolution of
their mean values.

The words physically relevant operators have a deep
meaning in our context. It can be shown that the
RWA applied at the beginning introduces in a nat-
ural way the set of correlation functions. The com-
mutation between the Hamiltonian and particle cur-
rent between levels (F) give, for instance, the
correlation operator between the population number
of the levels and the field (N']). If the same proce-
dure were applied to the Hamiltonian without the
RWA the resulting algebra of operators would not be
the same. This difference comes from the fact that
the generator of the algebra, the Hamiltonian, gen-
erates a set of operators which are closely related to
the physics of the problem and in this sense we mean
that the set is physically relevant.

It can be shown that eq. (5) is also fulfilled by the
sets

1[0(ah)(a)"+ (a1 "(4)"0i1} o,
and
{310.(ata)"+ (a%a)"0:1} 2o ,

where the 0; are the fundamental operators given by
eqgs. (10)-(15). The first set can be interpreted as
the correlation functions between the fundamental
operators and (41)"(4)", which are proportional to
the nth-order coherence function of the field (see for
example ref. [13]). The operators included in the
second one are proportional to the correlations be-
tween the fundamental operators and the energy of

tem, we will deal with the set defined by eqs. (16)-
(21).

The dynamical equations for the operators (16)-
(21) can be obtained using the Ehrenfest theorem
(eq. (6)), and are given by

S _ 7 By +nT(1) (B (22)

NS 1) Emy, (23)
ds

LD adlny + 23 TO L+ <D

— (NS H(NGH s —(nH DN DT, (24)

aaimy L
K2 —apny (25)
M GO (26)
AN _

s =0, (27)

n=0, 1, .., where a=E,—F,—w. Equations (22)-
(27) are the exact dynamical evolution equations of
the relevant operators for the generalized time-
dependent JCH. They can be thought of as a kind of
generalized Bloch equations for the quantum field
case. As can be seen, the different order correlations
are connected via the operators N7 and F” (egs.
(22), (24)). It can be easily proved that

{<(@M)"N, ()" + (a1 "N, (8)")

— (@A@Y, (28)
{<(@h) "N (8)" 120, (29)

are constants of the motion. In particular the particle
current between levels is equal to the photon flux.
For n=0 we reobtain the conservation of the level
population and for n>0 we obtain a restriction for
the correlations. Equation (28) shows that the mean
value of the operators will not be independent, giv-
ing a restriction on the choice of the initial condi-
tions. Therefore, it is crucial to use a formalism that
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allows a proper evaluation of these initial condi-
tions. In order to do this we will use the MEP density
matrix given in eq. (1). In the MEP context, the ini-
tial conditions can be settled down in the dual space
of Lagrange multipliers. These Lagrange multipliers
are numbers that can be freely chosen, contrariwise
the mean values cannot (see eq. (28)). The equiv-
alent restrictions for the Lagrange multipliers are au-
tomatically settled when the density operator is dia-
gonalized, as we will see below. We note that in our
formalism lack of knowledge of the mean value of
one operator is equivalent to setting its Lagrange
multiplier equal 1o zero.

In order to derive a thermodynamical approach to
the problem at hand, we will write the density matrix
including the Hamiltonian as a relevant operator.
Then, the statistical operator can be written as

p(t)=exp (—Aoi—ﬂﬁ— Y (AINT+5NG

n=0
+ALF I+ AN +1gj~)) . (30)
Diagonalizing and taking the trace of 4(¢) we arrive

to the following expression for 1, in terms of the other
Lagrange multipliers,

Ao=In ( > exp(—K,,)X2cosh(K;,)
r=1
+exp(—BE; —19)

+ 3 exp(—Ky)+ iexp(—l@,)), (31)

where

K, =iBlE;+E +(2r—-1)w]

+ Y BAUT A+ (2r—n— DT
n=0

(32)

Ky,=/X2 4724272, (33)

Ky, = Bror+ iozgm, (34)
Ky, =B(E,+E| +rw)

+ ‘;017;'_‘[}.7+/1§'+A'5’+(r—n)/12] : (35)
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are (nvariants of the motion (this can be shown using
eq. (7)),

X,=/r 7] </;T(z)+ y /12{17'}:.‘). (36)
n=0
Yo=Jriyl ¥ As) (37)
n=0

r
Ze=—\pat Y (4T

n=0
—3[A3 = (n+ DAGUIIZ (38)

and I =11, (r—j), I17' =1. We want to men-
tion that {X,, Y,. Z,} can be considered as a gener-
alization of the vector model of the density matrix
shown in ref. [13]. As in the case considered in ref.
[13]. one component of the vector is related to the
level populations while the others are related to the
real and imaginary parts of the non-diagonal ele-
ments of the density operator (interaction energy and
particle current). In this sense we can consider K, ,
as the norm of a vector in R3, with components { X,.
Y,, Z,}. So, this r-dependent sphere can be thought
of as an extension in the dual space of Lagrange mul-
tipliers of a sort of quantized version of the Bloch
sphere.

The initial conditions can be determined using eqs.
(8) and (31). For example, the initial mean value
of the population of the level | and its correlations
with the field reads

(NTyo=exp(—4o) (exp( ~BE, —19)0,0
+ ¥ 2 Uexp(—K,,) [cosh(Ks,)
r=1

—(Z/Ka,)sinh(Kz,) 11+ 3 exp( —Km) ,
(39)

J is the Kronecker function. Thus, eq. (31) gives the
exact thermodynamical solution for the generalized
time-dependent JCH.

Now, in order to show how these ideas can be ap-
plied, we consider the Hamiltonian (9) in the time-
independent case. Thus, the Hamiltonian reads
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ﬁ=E| BIE| +E25£52 +wd*d
+yab, b3 +y*b,b1at . (40)

For this case, eqgs. (22)~(27) can be explicitly solved.
If one introduces the quantized generalized Rabi
flipping frequency [13],

QL=+ (n+1)e2=Q%+ne?,
6254”}'2, anEQn/Qka
the exact solution for (N9, is

(N9 =<(N?>

8¢A4%, e2<N2>o> (Fy
+ — 2 Co(t)+——0 So(1)

0

@ (4 a2<Ns>o)
+,,§1< 2 T

n—1
xkzo bpi[Ca(t) =07 Ci(1) ]

_ il <]v§l Z bnk[C (t) 92n 2Ck(t)]
+ 35 - z D[ Sa(1) = O%~Su(D)] ,
(41)
where

ARy o =42 (N Yo +a([*y,
+%52(k+ 1)<N12(,1 Yo
bn,kEan,kO%:_z 5

Ci(t)=cos(;t) -1,

(_ 1 )n+k+1
=

A remarkable property of eq. (41) is that the first
nonvanishing term of the correlation {07 ), in this
solution is proportional to t2*, t2"*! or t?"*2 de-
pending on the different operators ;. This can be
seen if one makes a Taylor expansion of (07, uses
eqs. (22)-(27) and the fact that the a,, , satisfies the
following set of linear equations,

S(1)=sin(21)

Ani=

n—1
Z A=Kk '=8;p_y, i=0,..,n=1. (42)
k=0
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Thus, up to a given time, there will be only a finite
number of correlations that will contribute substan-
tially to the solution (41) since the others will be
negligible. Similar expressions can be obtained for
all the operators.

In order to show how the MEP formalism works,
we will also evaluate the initial conditions for a par-
ticular case. Let us consider the special situation,
broadly used in the literature, of having one particle
in level 1, zero particles in level 2, an electromag-
netic field with mean number of photons ¢4°),
0 (i.e. A2(0)#0), and a=0 (i.e. resonance). Notice
that in resonance

On=/(n+1)/ (k+1).

From eqgs. (8), (31) we obtain that
(K5>=0, (F"o=0, ([")=0,
(N51%0=0, (NP)o=1,

n
{exp[A3(0)]-1}""
Thus, using eq. (41) we obtain

" O _ 1 CO(t)
A=t 2{exp[12(0)1—1

= n! n=} k+1\""!
* E. {exp[48(0)] —1}"*! ,Z’O a”’k(ﬂ'i' 1)

x [Cnm— (,’:}) Ck(z)]} (43)

After some algebra eq. (43) can be rewritten as

(RO, =~ (1+ ) ?ﬁ%cos(z\/ﬁwn))
(44)

(NTyo=K4"" o=

Equation (44) is the population number of level 1
when the initial state of the field is a thermal or cha-
otic one. Observe that 1¢ can be identified with f*w,
where £* is proportional to the inverse of the tem-
perature associated only to the field [14]. Note that
B*w is a positive number and 12 must be positive in
order to have a normalizable density function. So we
can see that the evolution equation of (N{),, even
when the example considered is extremely simple,
depends on the correlations of all orders between
N9 and the field. These correlations are non-zero and
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cannot be arbitrarily chosen notwithstanding that the
two levels and the field are initially decoupled.

Summarizing, we have presented a generalized
version of the JCH giving a description in terms of
physically relevant operators. Since an arbitrary
function of time has been included, this formalism
allows us to study the system even when the coupling
1s time-dependent. Particularly, the solution pre-
sented in ref. [9] is also included in our formalism,
although we have left for an extended paper a de-
tailed comparison. The advantages of our approach
results from the following facts: (a) we have given
a description of the system in terms of three sets of
physically relevant operators giving a way out to the
problem of data given in terms of different physical
magnitudes; (b) for one of these sets of relevant op-
erators the temporal evolution equations have been
shown: (¢) we have obtained new invariants of mo-
tion in terms of the Lagrange multiplier (i.e. inten-
sive variables) which can only be constructed using
MEP; (d) the invariants we have found restrict the
possible values of the initial conditions: (e) these
initial mean values have been properly evaluated us-
ing a MEP density operator (as was pointed out pre-
viously [1,11], the initial conditions play a role as
important as the dynamics itself, although not all the
formalisms are in the position to distinguish clearly
which are the pertinent and coherent set of initial
conditions); (f) an extension of a sort of quantized
version of the Bloch sphere in the dual space of La-
grange multipliers has been obtained, converting the
original non-commutative operator’s structure into
geometrical relationships (see egs. (36)—(38)); (g)
the importance of the correlations in the generalized
time-independent JCH has been shown. Finally, we
want to stress the fact that using the MEP approach
we have naturally obtained that the nth-order co-
herence functions of the field (see for example ref.
[13], pp. 327-330) are relevant operators.
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